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What is GW?

GW

Infinite summation of diagrams over one single class: the rings

+ … 

= RPA for the screened Coulomb interaction

1-ring 2-rings 3-rings n-rings
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Outline

1) A finalized contribution to ABINIT:

Coulombic divergence integration in the 
exchange operator

2) A contribution to come:

Linearized GW density matrix for solids
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Reproducibility in G
0
W

0

Cross validation among PW codes: ABINIT, BerkeleyGW, Yambo

Translation: Why do we still get different results with different codes?
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Exchange operator converges slowly

Bulk silicon

convergence
wrt k-points

1. ABINIT: the worst of all codes
2. exchange operator: also present in hybrid functionals 
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Exchange operator within PW

Exact exchange in PW:

where the matrix elements are

and the Coulomb interaction is

Density matrix
Coulomb interaction

v (q+G)=
4π

|q+G|2
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Exchange operator within PW

Exact exchange in PW:

where the matrix elements are

and the Coulomb interaction is

Density matrix
Coulomb interaction

v (q+G)=
4π

|q+G|2

Behavior at q = G = 0

δi v

∝∫0

qc
dq 4 πq2 1

q2

Integrable divergence in 3D
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Purpose: integrate the Coulomb interaction at q=0
in the arbitrary shape volume of the BZ around q=0, Ω

0

Monte Carlo sampling of the miniBZ

∫Ω0

d q v (q) =
Ω0

NMC
∑
q∈Ω0

4π

q2

2x2 sampled Brillouin zone
Ω

0
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Purpose: integrate the Coulomb interaction at q=0
in the arbitrary shape volume of the BZ around q=0, Ω

0

Two parameters:

icutcoul 14, 15, 16         for short-, long-, any-range exchange

And N
MC

 hard-coded to 2,500,000

Monte Carlo sampling of the miniBZ

∫Ω0

d q v (q) =
Ω0

NMC
∑
q∈Ω0

4π

q2

2x2 sampled Brillouin zone
Ω

0
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Kinetic energy

Hartree energy

Exchange energy

In summary: Everything but the electronic correlation energy

Electronic density

γ(r , r ' )=∑
i

f iφi(r )φi
*(r ' )

γ(r , r )=n(r )

⟨T ⟩=−
1
2∫d r limr '→ r∇ r '

2
γ(r , r ')

⟨EH ⟩=
1
2∫d r d r ' γ(r , r )

1
|r−r '|

γ (r ' , r ' )

⟨Ex ⟩=−
1
2∫ d r d r ' γ

*
(r , r ' )

1
|r−r '|

γ (r ' , r )

Density matrix

γ(r , r ')=−i G(r t , r ' t+)

Obtained from a Green’s function    or        from a mean-field approx.
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Linearized Dyson equation

=           +                                     =              +                              =             +

time

=                            +

Dyson equation One-shot GW Linearized Dyson

Equal time Green’s function = density matrix γ(r , r ' )=−i G(r t , r ' t+)

G = G 0 + G0 Σ G
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“Linearized” GW density matrix
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“Linearized” GW density matrix
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“Linearized” GW density matrix

+                                    +  ...

Simple formula:

occ-occ

virt-virt

occ-virt

or how to simulate self-consistent GW without doing it
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Comparison to scGW dipoles

[29] Caruso, Rinke, Ren, Rubio, Scheffler,  Phys. Rev. B (2013)

Bruneval, Phys. Rev. B (2019)
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34 molecules benchmark: ionization potential

H        Li         C         N         O

F        Na       Si         P         Cl

Reference density matrix within CCSD

in a good basis set “cc-pVQZ”

DCCSD

F. Bruneval & MAL Marques, JCTC (2013)
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Density quality

CO

GW - CCSD

PBE PBE0

34 molecules

QSGW:
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Density matrix quality

⟨Ex ⟩=−
1
2∫ d r d r ' γ

*
(r , r ')

1
|r−r '|

γ (r ' , r )
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Density matrix in imaginary frequencies

G=G0+G0 ΣcG0

D k pq=D k pq
HF

−
i
2π ∫−∞

∞

dω
1

iω−ϵk p
⟨ pk|Σc (iω)|q k ⟩

1
iω−ϵkq

Already in Abinit for p = q
γ(r , r ') , n(r )

Marc T.

Fabien B.



Abidev, 2019 F. Bruneval, GW density matrix

Having improved densities in solids

Si

Revisit the band offsets “à la Shaltaf-Rignanese-Pasquarello” PRL 2008

SiO
2

v
Hartree

(r)
ΔV
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Supplemental information
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GW / BSE work flow: the “one-shot” procedure

Quasiparticle energies

Optical excitation energies

Also named G0W 0
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MOLGW: recycling old quant. chem. recipes

ϕμ(r )=Y lm( r̂)r
l∑
i

ci e
−α i r

2

Ingredients:

● Real Gaussian basis functions:

=> from Basis Set Exchange website

●  Wavefunctions (LCAO):

 
● Coulomb integrals:

=> from LIBINT library

● XC functionals

=> from LIBXC library

(μ ν|
1
r
|κλ)=∫ d r d r ' ϕμ(r )ϕν(r)

1
|r−r '|

ϕκ(r ' )ϕλ (r ')

ϵxc(ρ(r ) ,∇ρ(r ))                   v xc(ρ(r ) ,∇ρ(r ))

φi(r )=∑
μ
Cμ iϕμ(r )

Marques et al CPC (2012)

Faleev et al  Github (2016)

https://bse.pnl.gov/bse/portal

Faleev et al  Github (2016)
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Analytic expression for Σ

*

=
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34 molecules benchmark: ionization potential

H        Li         C         N         O

F        Na       Si         P         Cl

Reference IP’s obtained within CCSD(T)

in a good basis set “cc-pVQZ”

IP = −ϵHOMO
QP

= E cation
CCSD( T )

−Emolecule
CCSD( T )

F. Bruneval & MAL Marques, JCTC (2013)
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Chemistry vs Physics: as of today

Today’s best practices:
C

h
e

m
is

tr
y

P
h

ys
ic

s



Abidev, 2019 F. Bruneval, GW density matrix

GW most noticeable failures

CO CS N
2

σ p orbitals

Error:  -0.33 eV -0.38 eV -0.42 eV
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Natural occupation numbers

scGW: Hellgren, Caruso, Rinke, Rohr, Ren, Rubio, Scheffler,  Phys. Rev. B (2015)

Eigenvalues of the density matrix
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Total energies without self-consistency
GW correlation

RPA correlation

Adiabatic connection captures the correlation part of the kinetic energy

F[γgKS] F[γGW] E
c

GW E
c

RPA

Galitskii-
Migdal

RPA

New 
proposal
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Stability of the energy functionals

Correlation part
of Kinetic energy

not included

included

Only one evaluation of the screened Coulomb interaction W!

scGW: Stan et al.,
J. Chem. Phys. 
(2009)

Total energy evaluation starting from GgKS
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Entire Fock operator quality

⟨HOMO|F [ γ ]|HOMO ⟩
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Density matrix effect on Fock operator

CO
HOMO

HOMO-1
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IP from improved matrix density

PBE PBE0

34 molecules

● DGW has a similar effect as DCCSD (+0.2 eV)
● Best mean-field starting point corresponds to the best GW+F[DGW]
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